We study the dynamics of type I strings on Melvin backgrounds, with a single or multiple twisted two-planes. We construct two inequivalent types of orientifold models that correspond to (non-compact) irrational versions of Scherk-Schwarz type breaking of supersymmetry. In the first class of vacua, D-branes and O-planes are no longer localized in space-time but are smeared along the compact Melvin coordinate with a characteristic profile. On the other hand, the second class of orientifolds involves O-planes and D-branes that are both rotated by an angle proportional to the twist. In case of "multiple Melvin spaces", some amount of supersymmetry is recovered if the planes are twisted appropriately and part of the original O-planes are transmuted into new ones. The corresponding boundary and crosscap states are determined.
Introduction and summary of results
The Melvin space [1] , [2, 3] is a flat R 9 × S 1 manifold subject to non-trivial identifications: whenever the compact coordinate y wraps n times around the circle of length 2πR, the angular variable φ 0 of a non-compact two-plane is rotated by 2πnγ where γ is the twist parameter 2 . This is summarized by (y, φ 0 ) = (y + 2πnR, φ 0 + 2πm + 2πnγ) .
From (1) it is clear that in a bosonic theory twists differing by integers define the same space-time and, as a result we can restrict ourselves to the interval γ ∈ [0, 1]. Whenever fermions are present, however, different backgrounds correspond to values of γ ∈ [0, 2]. Actually, we can always introduce a true angular variable φ = φ 0 − γ R y, but now the Melvin metric reads
where x denotes the seven spectator coordinates. The geometric interpretation of the Melvin space is thus quite simple. Under a 2π rotation of the y coordinate a spin-j field Φ is subject to the monodromy Φ(y + 2πR) = e 2πiγj Φ(y) .
As a result, the Melvin model (1) can be well interpreted as a non-compact version of the Scherk-Schwarz mechanism [5, 6] , with the only (important) difference that the parameter γ can now be any irrational number.
A full-fledged description of String Theory on this Melvin background is actually possible [7] . Recently, there has been an increasing interest in various aspects of these Melvin backgrounds in Kaluza-Klein reductions [2, 3] , in M-theory, in Type II and in heterotic strings [8] - [18] . D-brane probes in such backgrounds have been analysed in [4] and [19] , while Melvin spaces also offer an interesting arena to discuss the fate of closed-string tachyons [20] - [22] .
The purpose of this paper is to construct (non-supersymmetric and supersymmetric) orientifolds [23] (see, for reviews, [24, 25] ) of the type IIB Melvin backgrounds. We construct inequivalent orientifold models, study their spectra and determine their boundary and crosscap states. We find that the models share some interesting properties of the orientifolds of the Scherk-Schwarz models constructed in [26, 27] . We give a geometrical interpretation of the orientifold planes and D-branes present in the models and find some This paper is organized as follows. In section 2 we review the quantization of closed superstrings in the Melvin background using NSR fermions. In section 3 we construct the Klein bottle, annulus and Möbius amplitudes pertaining to the first class of orientifolds. Then, in section 4, we give a geometrical interpretation of the branes and O-planes: they are described by a non-trivial wave function which is supported on a discrete set of points in S 1 . We also derive the coupling of closed-string states to the crosscap and D-branes.
Section 5 deals with the second class of orientifold models, that involve rotated pairs of orientifold plane-antiplanes. In this case, the computations of massless tadpoles is quite subtle and we resort to boundary-states techniques and quantum mechanics analysis to extract them. Section 6 briefly discusses the issue of closed-and open-string tachyons, and the fate of the orientifold vacua. Finally, sections 7,8 and 9 deal with double Melvin backgrounds and with their orientifolds. In this case, whenever the twist parameters are chosen to be the same, (half of) the original supersymmetry is recovered in the string spectrum, and new orientifold planes are generated. This phenomenon is reminiscent of the brane transmutation of [28] . The appendix defines and collects the crosscap and boundary states used in the paper.
Closed strings in Melvin backgrounds
In this section we review some known facts about closed string dynamics in Melvin backgrounds. It will serve the purpose of introducing the notation and derive their partition functions that, in the spirit of [23] are the starting point for the orientifold construction. Unless explicitly stated, in the following we shall assume an irrational twist γ, though special cases will be discussed as well.
According to eq. (2), the string dynamics in the Melvin space-time is governed by the world-sheet Action
This Action has a very simple equivalent description after we introduce the complex coordinate Z 0 = ρ e i(φ+
that actually corresponds to a free boson
with twisted boundary conditions
where n is the winding mode in the y direction. The compact y-coordinate also corresponds to a free field, and, as usual, satisfies the periodicity condition
for a circle of length 2πR, while its conjugate momentum
quantized as usual for Kaluza-Klein (KK) modes, now receives contributions from the angular momentum L on the (ρ, φ) plane.
As a result the mode expansion of the y coordinate is affected in its zero-mode contributions, and reads
where we have introduced the light-cone coordinates σ ± = τ ± σ, while the normalization of the oscillators has been chosen in order to have conventional (in quantum mechanics)
Given the boundary condition of eq. (7), the Fourier modes of the Z 0 coordinate have shifted frequencies, as pertains to twisted fields 3 ,
As for the y coordinate, we have normalized the Fourier modes so that the string oscillators satisfy canonical commutation relations. Moreover, we have introduced the variable ν = f (γn), where the function f is 1-periodic and f (x) = x for 0 < x < 1. More explicitly,
for n positive and ν = nγ − [nγ] + 1 for n negative. In (11), a † n and b † n are creation operators.
We can now use the previous expansions to derive the left-and right-handed components of the angular momentum L ≡ J +J of the (ρ, φ) plane,
as well as the total Hamiltonian
pertaining to the compact (y) and twisted (Z 0 ) coordinates. Here, N (Ñ) denotes the total number operator of left (right) oscillators.
For vanishing ν, Z 0 describes a conventional complex coordinate with periodic boundary conditions. As a result, it acquires zero-mode contributions, while the associated Hamiltonian reduces to the familiar one corresponding to a pair of free bosonic fields.
We now have all the ingredients necessary to compute the partition function pertaining to bosonic strings moving on a Melvin background and, for simplicity we shall neglect the contributions from the remaining 21 free coordinates. After a Poisson resummation on k, needed to linearize the J dependence of the left and right Hamiltonians, and omitting the explicit τ -integration, d
2 τ /τ 2 , the torus amplitude reads
where tr ν is the trace in the ν-twisted sector.
As a result, standard (orbifold-like) calculations lead to the final result
with
Here and in the following we shall always introduce the dimensionless volume
Before turning to the superstring case, let us pause for a moment and remind that for a non-vanishing twist the zero-modes contribute to T with a factor
that in standard orbifold compactifications is responsible for the fixed-point multiplicities in the twisted sectors. Although this expression is clearly well-defined for any twist 0 < γ < 1, it can actually be extended to comprise the two extrema if the limit γ → 0, 1 is taken before the integral is effectively evaluated. In this case, the result is proportional to v 2 /τ 2 , as pertains to the zero-modes of an un-twisted, non-compact, free boson.
The inclusion of the twisted world-sheet fermions λ, partners of Z 0 , is then straightforward. Their mode expansion is
where ν ′ = ν in the R sector and
Their Hamiltonians and angular momenta are then given by
and
Notice that the normal ordering constants b andb (with
− ν ′ ) are fixed by modular invariance of the corresponding partition function (24) .
Combining the contributions of the bosonic and fermionic coordinates then yields the total right-and left-handed Hamiltonians
where the overall normal ordering constants are a(NS) = 1 2
and a(R) = 0.
Resorting to standard orbifold-like calculations, and after a Poisson resummation on the KK momenta k, the torus amplitude for the type IIB superstring in the Melvin background reads
Here, η αβ =η αβ = (−1) 2α+2β+4αβ defines the GSO projection in the IIB case 4 .
Notice that there are scalar states compatible with the GSO projection belonging to the NS-NS sector, with zero KK momentum and one unit of windings, n = ±1. Their mass is given by
and, as a result, a tachyon is present in the spectrum for R 2 < 2α ′ γ.
As usual, string theory affords new interesting vacuum configurations whenever momenta and windings are interchanged. Generically, this corresponds to T-dualities, that for the Melvin background we are dealing with are not a symmetry. Hence, a Buscher duality on y dy → dy
yields the new background
The space-time of eq. (27) is now curved, and involves a non-vanishing B-field, and a varying dilaton The quantization of the σ-model (27) leads then to the IIB partition function
Although both (23) and (29) models are formally defined for 0 < γ < 1, they can be extended to include the limiting cases γ → 0, 1 if zero-mode contributions are handled with care. In this cases, both amplitudes (23) and (29) reproduce the type IIB superstring for γ = 0, while they yield the Scherk-Schwarz and M-theory breakings of [26] for γ = 1. As we shall see in the following sections, the same properties are shared by their orientifolds.
Orientifolds of Melvin backgrounds
The background we are considering has the nice property of preserving the invariance of the IIB string under the world-sheet parity Ω. We can then proceed to construct the corresponding orientifolds, that, as we shall see, have in store interesting results.
The action of the world-sheet parity on the relevant coordinates y and Z 0 of this Melvin background can be easily retrieved from similar toroidal and orbifold constructions
and implies
while, as usual, only zero-winding states survive the projection. The operation (32) implies Ωa m Ω −1 =b m−1 , Ωb m Ω −1 =ã m+1 on the Z 0 oscillators and therefore it maps string oscillators into Landau levels and vice versa. Moreover, the states |K propagating in the Klein bottle must satisfy the condition (J −J)|K = 0.
The Klein-bottle amplitude is then given by
tr Ω q
where q = e −2πτ 2 and, as usual, the amplitude depends on the modulus of the doublycovering torus 2iτ 2 . Moreover, Q denotes the non-compact momenta, and
is the Ω-invariant Hamiltonian, with a vanishing in the R-R sector and equal to − 1 2 in the NS-NS one. Here and in the following we have omitted the modular integral
To explicitly compute the trace in (34) it is more convenient to perform a Poisson resummation over the KK momenta to linearize the J dependence in H. As a result,
and, explicitly,
where
Notice the peculiar behaviour of the string oscillators in K. They actually feel a "double rotation" as can be easily deduced from the explicit expression of the Hamiltonian (34), that is a straightforward consequence of the vertical doubling of the elementary cell representing the Klein-bottle surface.
Before turning to the transverse channel some comments are in order. While for generic values of the twist γ a proper particle interpretation is not transparent in K, as due to the non-standard dependence of the lattice contribution on τ 2 , particularly interesting are the cases γ = 0, 1. Although for these values K(k) is naïvely divergent, a careful analysis of the zero-modes (18) reveals that the divergent term is actually proportional to the infinite volume of the Z 0 two-plane:
i.e. it reproduces the amplitude pertaining to the standard circle reduction of the type I superstring (γ = 0) and to its nine-dimensional Scherk-Schwarz compactification (γ = 1) [26] .
We can now turn to the transverse-channel describing the closed-string interactions with the orientifold planes. An S modular transformation exchanges the two characteristics of the theta-functions while the lattice contribution has automatically the correct dependence on the transverse-channel proper time ℓ = 1/2τ 2 . The corresponding amplitude then reads:K = 2
The theta and eta functions depend on the modulus iℓ of the transverse-channel surface, and, as usual, the integration ∞ 0 dℓ/ℓ has been left implicit. One can then extract the contributions ofK to NS-NS and R-R tadpoles. These can be associated to standard O9 planes and thus require the introduction of 32 D9 branes, to which we now turn.
The open-string Hamiltonian
determines the direct-channel annulus amplitude
depending on the imaginary modulus 1 2 iτ 2 of the doubly-covering torus, and the Möbius amplitude
depending on the complex modulus The open-string spectrum is not transparent in eqs. (43) and (45) due to the nonstandard KK contributions. However, from the explicit expression of the Hamiltonian (42) it is evident that all fermions and scalars associated to components of the gauge vectors along the Z 0 plane get a mass proportional to γ 2 /R 2 , while no tachyons appear in this open-string spectrum.
S and P modular transformations and the redefinition ℓ = 2/τ 2 in the annulus and ℓ = 1/(2τ 2 ) in Möbius yield the transverse-channel amplitudes
Notice the nice factorization of the zero-mode contribution to the transverse-channel Möbius amplitude 1 sin 2πγn
that indeed is the geometric mean of those toK andÃ.
Finally, tadpole cancellation determines the Chan-Paton multiplicities. In the simplest case of global cancellation one is led to the parametrization N n = N = 32 and to an SO(32) gauge group, while a local vanishing of NS-NS and R-R tadpoles calls for the introduction of Wilson lines
with N 1 = N 2 = 16, thus yielding an SO(16) × SO(16) gauge group.
Also for these amplitudes one can consider the limiting cases γ = 0, 1. As expected, the former yields the standard nine-dimensional type I superstring with gauge group SO(32) (or SO(16) × SO(16) for local tadpole cancellation), while the γ = 1 case reproduces the Scherk-Schwarz compactification of [26] .
Geometrical interpretation
Let us pause for a moment and try to give a geometric description of the orientifolds we just computed. As usual in this case, it is more convenient to T-dualize the compact y coordinate, whereby O9 planes and D9 branes are traded to pairs of O8 planes and corresponding D8 branes.
To this end, we resort to boundary-state techniques, combined with the informations encoded in the amplitudes (40) and (47). In terms of the T-dual y ′ coordinate of eq. (26), the zero-mode contribution to boundary (α = b) and crosscap (α = c) states defined in the appendix can then be written as
where we retained only the contribution from y and Z 0 . The normalization coefficients N k can then be fixed from the factorization of the tree-level amplitudes and are given by
for D-branes and
for O8-planes, where T ′ 8 = 16T 8 denote the tension of an O8 plane. Moreover, in the ρ, φ representation one has relation
5 In order to derive the last equality, we have used the relation
It is remarkable that, despite the highly curved nature of the Melvin geometry, the boundary and crosscap states (53) are independent of ρ.
One can now extract, for example, the position of D-branes and O-planes computing the scalar product
that presents some interesting novelties. Although in the limit of zero-twist one recovers the familiar flat-space result 
for D-branes, and
for O-planes, withF
For large values of m, the integrals in right-hand side tend to
As announced, O-planes and D-branes are distributed on the S 1 on a discrete, though dense for γ irrational, set of points centred around πR ′ and/or 0, as in figure 1 .
The results just obtained are straightforward to generalize for D-branes with Dirichlet boundary conditions in the non-compact (ρ, φ) plane sitting at the origin of the Melvin plane, as discussed for example in section 4.2 of [4] . The boundary state is in this case where the normalization coefficients are
The matrix element appearing in the boundary state for ν k = 0 becomes here
where in the last line we used the equality
The expression (65) shows unambiguously that the boundary state is localized at the origin of the plane ρ = 0.
The profile of D-branes (and, similarly, of O-planes) with Dirichlet boundary conditions in the non-compact (ρ, φ) plane is then given by
Similarly to the previous cases the profile is of the form (59) withF now having the asymptotic behaviourF (m) → 1/(2πim).
It is also rewarding to perform a classical analysis of the Kaluza-Klein expansion of closed-field couplings to O-planes. For instance, the wave-function for the excitation of the dilaton reads
where, m is an integer, j is non-negative and labels the Landau levels, ω k = |k|γ/α ′ , and the L's are the Laguerre polynomials. Following [4] , one can then compute the one-point functions of closed-string states with O-planes and D-branes. From the boundary state (53) one finds the exact string-theory results
that, in general, differ from the semi-classical ones, obtained by assuming a delta-function localized brane,
They reduce to them for small γ, in analogy with D-branes in WZW models [29] . The novelty here is that the difference between the string and the Born-Infeld results can be entirely attributed to the delocalization of D-branes and O-planes on the y ′ circle, as discussed above. In fact, for γ ≪ 1, it is possible to write the effective low-energy coupling of closed-string states to branes:
with Φ a function of closed-string modes. Hence, taking (59) into account turns eq. (70) into 2πR
suggesting that, on this Melvin background, a D-brane develops an effective size in the y ′ direction.
Orientifolds of dual Melvin backgrounds
We can now turn to the orientifold of the dual Melvin model in eq. (27) . In this case, the world-sheet parity Ω is no longer a symmetry, and as such can not be used to project the parent theory (29) . Orientifold constructions are, nevertheless, still possible if one combines the simple Ω with other symmetries as, for example, the parity Π φ along φ. However, since the background (27) is effectively curved, it is simpler to construct such orientifolds starting from (4) and modding it out by the combination Ω ′ = ΩΠ y Π φ , with Π y a parity along y. Its action on the world-sheet coordinates (y, Z 0 ) is
that reflects in the action Ω ′ JΩ ′ −1 = −J on the angular momentum. The angular momentum operators (12) reveal then that one set of Landau levels of the IIB closed spectrum does propagate in the Klein bottle. The orientifold identifications (72) together with those in eq. (1) imply that the y and φ coordinates satisfy
whose fixed points
identify the positions of the O-planes. Actually, we are dealing now with two infinite sets of rotated O-planes, the angle being proportional to the twist γ. Moreover, O-planes in different sets differing by an overall π rotation in the φ coordinate carry opposite R-R charge and, as we shall see later on, the final configuration is neutral. Figures 2 and 3 give a pictorial representation of eq. (74).
The Klein-bottle amplitude corresponding to the projection (72) of the model in (24) involves the Hamiltonian
and reads
with , coming from integration over the non-compact momentum orthogonal to the O-planes, as described in (18) . The map to the transverse channel presents similar problems to those encountered in the direct-channel Melvin orientifolds. The amplitudẽ
is not in a canonical form, sincek is not the KK quantum number of the closed sector states. This makes the explicit evaluation of the tadpoles quite subtle. Nevertheless, from the structure of the amplitudes and from the Ω ′ action (74) one can unambiguously deduce that pairs of O7 planes and anti-planes are present, and, as a result, R-R tadpoles are not generated. In the following, however, we shall resort to boundary states and quantum mechanical calculations to evaluate them.
Although the string partition function accounts for the whole spectrum of physical states, built out from the vacuum with string oscillators and/or KK modes, divergent contributions originate only from massless states. Hence, to extract their tadpole it suffices to restrict ourselves to the massless free Hamiltonian H 0 and to its KK modifications
As a result, the leading contributions to the transverse-channel Klein-bottle amplitude can be extracted from
where |Ψ are eigenstates of H with
where A = (1/2π √ 2R) is a normalization constant and E Ψ ≥ (k−γm) 2 /R 2 its eigenvalues.
In (82), J p denote the Bessel functions of index p, k is the conventional KK momentum, and m is the angular momentum conjugate to φ.
Taking into account only the zero-mode contributions to the boundary state |c defined in the appendix, from
where N is the normalization of the crosscap determined in the Appendix, we arrive to the desired expression
with a E,k,m ≡ E − (k − γm) 2 /R 2 , and
From (84) Following the same procedure, we can now extract the R-R tadpoles. For R-R states the angular momentum along the two-plane has components J =J = ± 1 2 , and, as a result, the mass is shifted by one
The massless R-R states, which define the R-R charge of the orientifolds, have therefore orbital angular momentum m = ±1. The R-R portion of the amplitude is
has no contributions for massless R-R states, and nicely encodes the geometry (74) of the orientifold planes: from
one can read that O-planes are located at (y 0 , φ 0 ) 1 while O-antiplanes are sitting at (y 0 , φ 0 ) 2 . Up to the presence of images, this phenomenon of the occurrence of O-O systems is similar to the one encountered in [26] and geometrically interpreted in [24] .
Let us now turn to the open sector of the orientifold. Actually in this case one is not demanded to add D-branes since, as we have seen, O-planes yield a vanishing R-R tadpole. Nevertheless we shall introduce brane-antibrane pairs to compensate (globally and locally) the tension of the orientifold planes and preserve the structure of the vacuum.
The open string Hamiltonian
with now ν = f (2nγ), determines the direct-channel annulus
and Möbius amplitudes ) in the R (NS) sector. The Chan-Paton multiplicities n ± count the number of branes and antibranes, while, as usual, the theta and eta functions depend on the modulus of the doubly-covering torus: 
is solved, by using the Appendix, by computing
and fixes therefore n + + n − = 16. The low-lying open-string excitations is not affected by the twist γ and thus one would conclude that the massless D-brane spectrum is supersymmetric. However, for γ > 2R 2 /α ′ tachyons can appear in the antisymmetric representation. Alternatively, the model has a gauge group SO(n + ) ⊗ SO(n − ), with n + = n − = 8 if we want to cancel locally the NS-NS tadpole. The local cancellation conditions must be satisfied whenever the Melvin model (1) is embedded into M-theory, with y identified with the eleventh coordinate.
Finally, it is quite rewarding to study the limit γ → 1, that, as expected, reproduces the M-theory breaking of [26] . Actually, this limit presents some further subtleties that are not only associated to a proper accounting of the zero-modes. Although for generic γ Ω ′ -invariant configurations of D-branes share with the O-planes the property of having zero R-R charge, for γ = 1 KK states can compensate the mass-shift due to the internal angular momentum and a non-vanishing charge is generated. To be more specific, the leading R-R coupling for D-branes reads
where all, unconstrained, KK states contribute to it. Hence, when γ = 1 the states with k = ±1 become massless and carry a definite R-R charge. This has to be contrasted to the situation for O-planes where the projector on even k does not afford this possibility.
Tachyons in Melvin backgrounds
Let us add now few remarks about closed-and open-string tachyons in these orientifold Melvin backgrounds. As we have anticipated in section 2, the Melvin model (23) has complex tachyons
whenever R 2 < 2α ′ γ, whose mass is given by (25) . These are not independently invariant under the world-sheet parity Ω, though their linear combination is. As a result, the unoriented closed-string spectrum comprises a real tachyon that, due to a change in GSO projections, can be identified either with
, or with a linear combination of the NS-NS vacuum with one unit of winding number if γ > . This real tachyon propagates inK,Ã andM and thus couples to both O-planes and D-branes. Furthermore, the D-brane spectrum is free of open-string tachyons, and it would be tempting to speculate that this vacuum configuration decays into the SO(32) superstring.
Quite different is the dual Melvin case. The parent model (29)- (30) share with (23)- (24) the same tachyons for R 2 < 2α ′ γ but now both are invariant under the modified world-sheet parity Ω ′ , and hence, the unoriented closed-string spectrum includes a complex tachyon. Moreover, since the model involves pairs of (image) branes and antibranes, open-string tachyons are present as well, though only for
with the previous case comes from the transverse-channel amplitudes: the closed-string tachyons do not propagate and thus do not couple neither to O-planes nor to D-branes.
To conclude this very brief analysis of tachyons in Melvin backgrounds, let us recall that for γ = 1 the dual Melvin model affords a second projection
the left world-sheet fermion number. This is a natural extension of the non-tachyonic 0B orientifolds first introduced in [30] and studied in this context in [31] , and has the virtue of eliminating the closed-string tachyons for any value of the radius, since the lowest mass scalar has the KK and winding number |k = 0, n = 1 . Its mass
is positive and becomes zero at the self-dual value for the radius. The fate of this orientifold is an interesting and open problem, since it is tachyon-free. Non-perturbative instabilities of the type studied in [32] can still occur and a more detailed analysis would be of clear interest.
Double Melvin backgrounds and supersymmetry restoration
Until now we have considered the case of a single magnetized two-plane, whose complex coordinate is actually twisted. We have also seen how their orientifolds have quite interesting properties. Much more appealing and surprising features emerge if we consider the case of multiple two-planes subject to independent twists. In this case we have the option to couple each twist to the same S 1 or to different ones. While the latter corresponds to a trivial generalization of the models previously studied and, as such, shares with them all their salient properties, the former turns out to be quite interesting and leads to amusing phenomena.
To be more specific let us consider the simple case of two two-planes, labelled by coordinates (ρ 1 , φ 1 ) and (ρ 2 , φ 2 ), coupled to the same circle of radius R parametrized by the compact coordinate y. The world-sheet Action then reads
where γ 1 and γ 2 are the two twists.
The quantization procedure is a simple generalization of the single-twist case previously studied and yields the torus partition function
Also in this case one can generate a new interesting background performing a Buscher duality along the y coordinate. This results in the interchange of windings and momenta and leads to the alternative partition function
A careful reading of these amplitudes reveals that something special happens if γ 1 = ±γ 2 . The partition functions vanish identically, a suggestive signal of supersymmetry restoration. Indeed, a simple analysis of Killing spinors for the background (99) shows that whenever γ i are even integers all supersymmetry charges are preserved [17] . However, one has now the additional possibility of preserving only half of the original supersymmetries if
This is very reminiscent of the condition one gets for orbifold compactifications. Indeed, if the two two-planes were compact and, as a result, the γ i had to meet some quantization conditions, one would find the familiar result γ 1 = ±γ 2 in order to have a supersymmetric spectrum.
Particularly interesting is the case
. After a careful handling of the zero-mode contributions, the partition functions take a simple form and, actually, reproduce the Scherk-Schwarz partial supersymmetry breaking of [27] . After a proper redefinition of the radius, the resulting amplitudes correspond to the orbifold (C 2 × S 1 )/Z 2 , where the Z 2 acts as a reflection on the C 2 coordinates accompanied by a momentum or winding shift along the compact circle. As a result, one can use the γ's to smoothly interpolate among N = 8 vacua, N = 4 vacua and N = 0 vacua, all in the same space-time dimensions 6 .
Given T 1 and T 2 and the results in the previous sections we can now proceed to compute their orientifolds.
Orientifolds of double-Melvin backgrounds
Let us start considering the Ω projection of the more conventional amplitude T 1 . As in standard orientifold constructions the Klein-bottle amplitude receives contributions from those states that are fixed under Ω. These are nothing but the strings with vanishing winding numbers. As a result the amplitude in the direct channel reads
In writing these amplitudes we have taken into account that they depend on the modulus of the doubly-covering torus, that is obtained by a vertical doubling. Hence, the twist in the temporal direction is effectively doubled and, as a result, the lower characteristic depends on 2γ ik . On the contrary, the contribution of the zero modes is not affected.
As in the single-twist case, it is hard to extract any information from this amplitude, given the unconventional τ 2 -dependence of the lattice contribution. The transversechannel amplitude, however, has the standard structurẽ
and develops non-vanishing tadpoles. From these amplitudes we can also extract interesting informations about the couplings of closed-string fields to orientifold planes and their geometry.
Before turning to the open-string sector, it is interesting to give a closer look at K and take the limit γ i → 1 2 . We get
This amplitude and its transverse-channel counterpart
immediately spells out the geometry of the O-planes: one has standard O9 planes that invade the whole space-time and contribute to NS-NS and R-R tadpoles, and a pair of O5 planes located at y = 0 and y = πR with opposite tension and R-R charge. The presence of O5 planes is encoded in the τ 2 2 /v 4 term that exactly cancels a similar one hidden iñ K(0). Furthermore, their relative tension and charge can be extracted, as usual, from the corresponding term inK that involves only odd windings.
We can now turn to the open-string sector and, in particular, to the transverse-channel annulus amplitudeÃ
The transverse-channel Möbius amplitude is then entirely determined fromK andÃ and readsM
The global tadpole conditions fixes the gauge group to be SO(32) or a Wilson line breaking of it, while if we insist in imposing the local tadpole conditions we find N 2n = 32 and N 2n+1 = 0, with a gauge group SO(16) × SO (16) . From these amplitudes one can then extract the one-point couplings of closed-string states in front of boundaries as well as the geometry of the branes, that are an obvious generalization of those in section 5.
Also for this orientifold one can consider the interesting particular case
. The annulus and Möbius amplitudes describe then the propagation of D9 branes only, and nicely reproduce the non-compact versions of the results obtained in [27] .
Dual double-Melvin orientifolds
To conclude we can now turn to analyse orientifolds of the dual double-Melvin background. As in section 5, Ω is not a symmetry of the IIB model (103), rather we should combine it with parity transformations on the two angular variables. However, since the background corresponding to eq. (103) is actually curved, it is simpler to study the Ω ′ = ΩΠ y Π φ 1 Π φ 2 orientifold of the model (100), that yields similar results. Ω ′ has fixed points at
that, as usual, accommodate rotated O-planes. For the generic non-supersymmetric case γ 1 = γ 2 , similar arguments to that presented in section 5 show that the system has zero R-R charge and therefore orientifold planes have images with total vanishing R-R charge.
For the supersymmetric case γ 1 = ±γ 2 , however, as contrasted to the case of a single twist, there are no anti-O-planes in this double-Melvin orientifold. Actually, a special case is γ 1 = rγ 2 , where r is an integer. In this case, there are massless RR states which do couple to charged O-planes, which suggests that anti O-plane images are not generated in this case. Furthermore, as anticipated from our previous discussions and as we shall see in the following, something special happens for γ 1 = γ 2 = : mutually orthogonal O6 planes are generated. Indeed, points with s and s+1 in (121) are mutually rotated by π/2 in two complex planes, as pertains to a (T-dualized) (C 2 × S 1 )/Z 2 orientifold. Actually, the resulting configuration is more involved and we shall return shortly on this point.
The Klein-bottle amplitude 
clearly spells out the geometry of the O6 planes, and, in the limit γ i → 
7 As for the simpler model described in section 5, a non-trivial factor of According to our previous analysis, the emergence of K t implies the presence of mutually orthogonal O6-planes that, indeed, form a BPS configuration preserving one quarter of supersymmetries of the parent closed-string model. In fact, in this limit, eq. (122) reproduces the N = 4 → N = 2 M-theory breaking of [27] .
We can now turn to the open-string sector where, now, tadpole cancellation would require the introduction of two types (N and D in the following) of rotated branes. The annulus and Möbius amplitudes thus read 
and M = − 
The Chan-Paton gauge group is SO(N) × SO(D), where the effective number of branes is, as usual, fixed demanding that the final configuration be neutral and results in N = D = 8. Actually, for the non-standard dependence on the tree-level proper-time ℓ of the zeromodes contributions toK,Ã andM, the explicit calculation of NS-NS and R-R tadpoles for this model present the same difficulties (and solutions) of section 5. One can also verify that, in the limit γ i → 1 2 , both A and M consistently reduce to those of [27] .
for the non-compact (twisted) Z 0 coordinate, with ǫ = 0 in the R sector and 1 2 in the NS one. In eq. (131), the last line applies to R sector only. Moreover, the first line implies that only even windings couple to the boundary state |C, η . Since γ is irrational, from the second condition we get that both the KK momentum k and the total angular momentum J +J must vanish. Actually, (J +J ) |C, η = 0 together with (12) , implies that one set of closed-string Landau levels couples to the boundary state. This indeed matches with the tree-level amplitude (40), that displays manifestly the tree-level propagation of Landau levels between the two O8 planes.
The solution for the crosscap state is then |C, η = n even N n |n ⊗ exp 
We therefore have an infinity of orientifold planes localized at (y = pπR, φ 0 = pγπ).
Finally, boundary states can be build following similar routes. Their bosonic part is given by
with r 0 the position of the brane, and |b is the zero modes contribution in the Z 0 plane which reads |b = dP Y 0 |P X 0 = 0,
encoding the zero-mode contribution in the Z 0 plane (for simplicity we have assumed φ 0 = 0). The transverse-channel annulus and Möbius amplitudes are then given by dℓ B|e −πℓH |B and 2 dℓ C|e −πℓH |B .
